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Introduction

TWO-DIMENSIONAL panel with two opposite free edges

in the longitudinal direction and support along the other pair
of edges can be replaced by an equivalent one-dimensional model,
namely, a one-way panel element. Obviously, the advantage of this
equivalentelement is that it involves only one independent variable
(the longitudinal coordinate). However, for a composite laminate,
compliance with the boundary conditionsin the transversedirection
is questionable.

For composite laminated one-way panels, the two well-known
versionsof the constitutivemodel, plane-strainand plane-stress (for
large and small width-to-length ratios, respectively), which are al-
most the same for the isotropic case, are used only as upper and
lower bounds. Because of the significant gap between them, more
accurate models are called for.

Whitney’s' cylindrical bending theory (cylW) made some im-
provement over the plane-strain version by narrowing the afore-
mentioned gap. Further improvementwith regard to the plane-stress
version (cylN) is proposed hereafter.

Formulation

A panel element is represented by a one-dimensional model (in
the x-z plane), which leaves only two dependent variables, dis-
placement in the longitudinal # and vertical w directions, or three
variables for including shear deformation effect (the additional one
is the rotation ). The force strain relations can be written as

N\’X =a§,\’,\’ + bx,\’,\” MX,\’ = bé,\’,\’ + dx,\’,\’ (1)
where x is the coordinate of the reference surface of the one-way
panel, N,, and M, are the longitudinal membrane force and bend-
ing moment, and &,, and y,, are the strain of the reference surface
and the change of curvature, respectively.

For classical isotropic one-way panels b =0, and a and d are
straightforwardmembrane and bending stiffnesses. By contrast, for
a compositelaminated panel element with arbitrary stacking combi-
nationand orientationa, b, and d areno longeruniquely determined,
and their values dependon the applied equivalentanisotropictheory.

Different equivalent one-dimensional models [represented by
a, b, and d of Eq. (1)] can be derived from the classical two-
dimensional laminate theory, for which the stress-strain relation
for each lamina j is given by
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where {€} and {y} are the strain-of-the-refererce-surface and
change-of-curvature vectors, respectively, and Q;; is the trans-
formed stiffness coefficients of the laminate.

Integration over the thickness yields the following force and mo-
ment resultant of the two-dimensional laminate:

N A B 4
= 4)
M B D)y
where {N}={N,,, N,,, N,,} is the membrane force vector and

{M}={M,,, M,,, M,,} the bending moment vector. A, B, and D
are matrices of order 3 X 3, given by

(Aij’ Bij, D;j) =/Qij(1’ <, Zz) dz (5)

In the following, four equivalent one-dimensional models are con-
sidered:

1) For the plane strain model, based on the assumption of two-
dimensional sides constrained, &,,, =¥x,, =0 for each lamina j.
Plane strain is usually applicable for large width-to-length (b/1)
ratios. Substitution of the constraint Eyy; =Yy, =0 in Eq. (2)
yields

Oux = Ql 1€xx (6)

where
(a, b,d) =/Q11(1,z,zz)dz @)

2) For the plane stress model, based on the assumption of
two-dimensional sides free, o,,. =7,,, =0 for each lamina ;.
Plane stress is usually applicable for small width-to-length ratios.
Substitution of the free-edge condition oy, =1,,, =0 in Eq. (2)
yields

Ox = ng\'/" (8)
where
0=0,+c¢0n+005, a =Q1QEZQ#_Q3E§Q312
2120n ~ 0001
0,05 - 0%, ©)

and a, b, and d are obtained by replacing Q,, in Eq. (7) by Q.

3) The cylindrical bending, wide beam (cylW) model is a more
accurate model than the plane-strain version and, with the fiber
orientation taken into account, is derived on the assumption that
the displacementvector of the two-dimensionalmodel is a function
of the longitudinal coordinate alone (see Refs. 1 and 2 for panels
without shear effect):

u(x,y,z) =i(x) + zy(x), v(x,y,z) =v(x)

w(x,y,z) =w(x) (10)

where u, v, and w are the displacement functions in the x, y, and z
directions of the two-dimensional model.

The appropriate kinematic relations based on the preceding as-
sumptions (which include the shear deformation effect) are

Eyy =, +
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The variational principle [based on Egs. (11)] yields the following
equilibrium equations:

]vxx,x + dxx = 0, ]vxy,x =0

sz,x + (]Vxxw,x),x + q:: =0a Mxx,x - sz +m =0 (12)
with ¢,,, g.;, and m being the external applied longitudinal load,
transverseload, and moment, respectively.Note that the equilibrium

conditionsof the equivalentone-dimensionalmodel [Eqgs. (12)] con-
tain the additional equation

]ny,x =0 (13)

For the free edge it leads to Ny, =0, read in terms of {£} and {x }
[see Eq. (4)]:

ApEe + A3V + By, =0 (14)
Eliminating v , from Eq. (14) and using Eqgs. (4) and (12), the fol-
lowing relevant stiffness coefficients are obtained:

a =(A11A33 - A%3)| Asz, b =(BiAsy — A3 Bi3)/ Az

d = (D11A33 - 3123)| Az (15)
Note that the stiffness coefficients involve the terms 11, 33, and 13.
4) The cylindrical bending, narrow panel (beam) (cylN) model
is a more accurate model than the plane-stress version and is based
on inclusion of the effect of fiber orientation with the flexibility
coefficients expressed, after the matrix manipulation, as derived by
Sheinman® (see also Ref. 4).
The strain and change of curvature of the one-dimensionalmodel
can be written in terms of longitudinalforce and bending moment as
Exx =0 ]vxx + aZMxxa Xxx = a3Nxx + a4Mxx (16)
Using Eqs. (4), writing the strain and change-of-curvature vectors
in terms of the membrane-force and bending-moment vectors, and
equating to Eq. (16), we obtain

oy ={[I+A'B(D-BA™'B)"'B]A™ '},
0 =03 ={—A_IB(D - BA_IB)_I}H

ay ={(D — BA_IB)_I}H (17)
The subscript 11 means the first term of the matrix. It is seen that the
o are determinednot only by Ay, By, and Dy, butalsoby A;;, B;;,
and D;; (i, j =1,2,3). Finally, using Eqgs. (17), the stiffness coeffi-
cients are determined through

a =aln, b =-a/n,

d =ai/n, n=00 =060

(18)

Results and Discussion

For isotropic one-way panels, the plane-strain and plane-stress
models are close to each other [differingby 1/(1 — v*) only], so that
the differences between the four constitutive models are insignifi-
cant. By contrast, nonsymmetric composite laminated panels show
marked discrepancies caused by the nonvanishing B;; (i, j =1,3)
terms (the larger the terms, the wider the discrepancy). Accord-
ingly, such a laminate with o/ —oa-deg layup was chosen to illus-
trate the proposed cylindrical bending model approach and its ad-
vantage.

The constitutive models are most effectively studied either in
the frequency domain or through the buckling behavior. Here
the buckling behavior of a simply supported laminated (a/—a)
panel under an external longitudinal force was chosen as the study
case. The data of this case are material carbon/epoxy with mod-
uli E11 =14 X 1011 N/mz, E22 =0.98 X 1010 N/mz, Gl3 =GIZ =
0.1 X 10 N/m?, v;, =0.34, and thickness 4 =0.00125 m with
hpy =0.000125 m and length-to-thickness ratio [/ & =10. Obvi-
ously, in such a case the effect of shear deformation ought to be
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Fig.1 Influence of fiber orientation on the bending stiffness d for dif-
ferent constitutive models in as/— a5 laminate.
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Fig.2 Bucklingload vs orientation angle of as/— a5 laminate for dif-
ferent constitutive models compared to two-dimensional plate results.

included, but as far as the constitutive models are concerned the
characteristic conclusions are the same whether it is included or
not.
First, the influence of the orientation angle for stacking com-
bination and orientation of as/—as deg is plotted in Fig. 1 (d*
denotes the bending stiffness for o« =0 deg). Itis seen that the cylin-
drical bending models substantially narrow the gap between the
upper (cylW) and lower (cyIN) bounds. The trend to the upper or
to the lower bound for a real case depends on the width-to-length
b/ ratio, as illustrated in Fig. 2, in which the normalized buckling
loads (P} denoting the buckling load for o =0 deg) of a sequence
a5/ —os deg for the differentconstitutivemodels are compared with
two-dimensional results (for b/ 1 =0.25, 1.0, and 80) obtained by
the plate finite element COSMOS7 code.® It is seen that the buckling
loadfor the largeratio (b/ I =80) coincideswith the cylW model and
that for the small ratio with the cylN model. Note also that due to the
relatively high value of B;; the bounds lie far below and above the
plane-strain and plane-stress curves, respectively. To bring the pic-
ture into focus, another nonsymmetric laminate, (o/ —ct)s, whose
B;5 is é of that of as/—as, was considered. The results (Fig. 3)
show that in this case the upper bound practically coincides with
the plane-strainmodel (for vanishing B;; they coincide completely)
and that the lower bound is closer to it than in the preceding case,
the gap between the bounds being wider than for a5/ —as. The two-
dimensional results again coincide completely with cylW for the
large b/ ratio and tend to cyIN for a small b/ ratio. Finally, the
bucklingload, with shear deformation effectincluded and excluded,
vs the width-to-lengthratio, for layup of 405/ —40s deg, is givenin
Figs. 4 and 5 for 0< b/l <1 and 1 <b/1 <50, respectively. The
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Fig. 3 Buckling load vs orientation angle of (a/— a)s laminate for
different constitutive models compared to two-dimensional plate results.
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Fig.4 Bucklingload vs width-to-length ratio, 0 <b/I < 1 for 40s/— 40s-
deg laminate.
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Fig. 5 Buckling load vs width-to-length ratio, 1<b/l <50 for
405/— 405-deg laminate.

results are seen to tend to the lower bound in Fig. 4 and to the upper
boundin Fig. 5.

The significant difference between the results with and without
shear deformation effect is due to the low [/ h(=10) ratio and the
high E;,/ G3(=140) ratio, but the same conclusion applies to the
constitutivemodels.

Conclusion

The well-knownplane-strainand plane-stressconstitutivemodels
are unsuitable for composite laminated one-way panels. Cylindri-

cal bending models are much more accurate and appropriate for
presentation of laminated stacking combinations and orientations.
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Introduction

N recent years, demands on technological development for per-

manent field and depot repairs of composite structures have in-
creased considerably. As a result, repair methodologies have been
developed and include a wide range of approaches, from highly
refined and structurally efficient but expensive flush-patch repairs
to mechanically attached metal-patch! =3 repairs. Flush, scarf-type,
bonded repairs are used on critical, highly loaded components,
where load concentration and eccentricities, especially for com-
pressive loading, must be avoided 2

Design methods for adhesively bonded repairs require crite-
ria to predict both strength and durability. In this study, a three-
dimensional stress analysisis performedto determine the stressesin
a flush-scarf-repairedlaminate under uniaxial compression (Fig. 1)
so that predictions can be made of the optimum scarf angle and
likely points of failure.

Scarf Joint and Optimum Scarf Angle

The joint of interest has identical adherends, uses a relatively
brittle adhesive, and has small scarf angles (Fig. 2). For this simple
case, the semiempirical analysis* predicts that the optimum scarf
angle for a maximum strength joint is a function of the adhesive
shear strength 7, and laminate strength o,,, given by

O =tan"'(0.8167,/ 0,,) M

For small 6, the failure stress S, ; of the scarfjointis determined
by the maximum stress failure criterion,

Se.r =0/ Ky =17,/(K, sin0) 2)

Received 10 July 1998;revision received 2 November 1999; accepted for
publication 9 December 1999. Copyright © 2000 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

*Reader in Mechanics of Composites, Department of Aeronautics.

TResearch Associate, Department of Aeronautics.



